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1. Introduction
The classical Nöbeling theorem [9] says that the space N2n+1n consisting of all points of R2n+1 with at most n rational
coordinates is a universal space for the class K of metric separable spaces dimension less then or equal to n. In [6] there
was given the example of the n-dimensional space that cannot be embedded in R2n. Hence, it is not possible to construct
the universal space for the class K in Rm for m  2n. It is therefore of interest to know: is it possible to construct the
universal space for the class K in the product K1 × · · ·× Km, where Ki are any 1-dimensional spaces for i = 1,2, . . . ,m and
m 2n?
In the paper we show that in any product K1×· · ·×Kn+1 of Peano curves without free arcs there exists an n-dimensional
subset Tn such that for every metric separable space X satisfying dim(X) n, the set of embeddings X into Tn is a residual
set in C(X, K1 × · · · × Kn+1).
Since Borsuk in [1] proved that Sn cannot be embedded in the product K1×· · ·× Kn, where Ki are 1-dimensional spaces,
it follows that the number of factors in our result cannot be decreased.
The proof of our result consists of two parts: ﬁrst we prove that for every metric separable space X of dimension  n
the set of embeddings of X into K1 × K2 × · · · × Kn+1 is residual in the space C(X, K1 × K2 × · · · × Kn+1) (see Section 4).
In Section 6 we construct the universal space Tn in K1 × K2 × · · · × Kn+1 and we show that the space of mappings of X
into Tn is residual in C(X, K1 × K2 × · · · × Kn+1).
In [11] Sternfeld proved that any n-dimensional compact metric space may be embedded in the product [0,1] × Dn ,
where D is dendrite with dense set of endpoints. He showed also that the set of embeddings is dense in C(X, [0,1] × Dn).
In Section 7 we generalise Sternfeld’s result. We prove that dendrites with dense set of endpoints can be replaced by
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AR-spaces, so Sternfeld’s ideas cannot be directly adapted. We use Lemma 3.4 to approximate the Peano curves by ANRs.
Our last result concerns extensions of mappings. E. Pol proved in [10] that for a given separable metrizable space X and
a mapping f : X → X the set of all embeddings h : X → Iω of space X into the Hilbert cube such that the function hf h−1 is
extendable to a mapping f¯ : h(X) → h(X) is residual in the space C(X, Iω). In Section 8 we prove that the same embedding
property has the product Kω of Peano curves without free arcs. The proof is similar in spirit to ideas from [10].
2. Notation
Our terminology follows [4]. All spaces in this paper are assumed to be metric. By the dimension we understand the
covering dimension. All maps are continuous. Maps f , g : X → Y are said to be ε-near if supx∈X dist( f (x), g(x)) < ε. A map
f : X → Y is an ε-map if each point y ∈ Y has an open neighbourhood V y such that diam( f −1(V y)) < ε. We denote
by B(x, r), and by S(x, r), the open ball, and the sphere, with centre x and radius r, respectively. For any closed set A ⊂ X
we write B(A, r) for the set {x ∈ X: dist(x, A) < r}. A nontrivial continuum K is a Peano curve (without free arcs) if it is a
1-dimensional locally connected metric compact space (and any open subset of K is homeomorphic to interval).
3. Auxiliary lemmas and propositions
We shall use the following propositions. The ﬁrst is an easy application of Eilenberg’s theorem, see [2].
Proposition 3.1. Let X be a compact metric space and Y be a metric ANR. Then for each map f : X → Y and each ε > 0 there exists
a δ > 0 such that for each surjective δ-map p : X → X ′ there exists a map q : X ′ → Y such that dist( f ,q ◦ p) < ε.
The next proposition we give with a short proof.
Proposition 3.2. Let X be a separable metric space, A and B disjoint closed subsets of X and f mapping of X into compact space Y .
Then there exist a dimension preserving compactiﬁcation X∗ of space X such that A∗ ∩ B∗ = ∅ (where A∗ and B∗ are the closures of A
and B, respectively, in X∗) and a map f ∗ : X∗ → Y such that f ∗|X = f .
Proof. Let u : X → I be the Urysohn function for sets A and B . From [7, Theorem 1] there exist a dimension preserving
compactiﬁcation X∗ of space X and an extension ( f ∗,u∗) : X∗ → Y × I of mapping ( f ,u) : X → Y × I. Since A∗ ⊂ u∗−1(0)
and B∗ ⊂ u∗−1(1), sets A∗ and B∗ are disjoint. 
The next proposition is a generalisation of theorem of embeddings of separable metric spaces into the Hilbert cube.
Proposition 3.3. Let X be a separable metric space and F be a compact metric space with subset J homeomorphic to the interval.
Then the set of embeddings X into Fω is a residual subset of C(X, Fω).
Proof. By [8, Chapter IV, §44, VI, Theorem 2] it is enough to show that for each pair of disjoint closed subsets A, B ⊂ X the
set
{
h ∈ C(X, Fω): h(A) ∩ h(B) = ∅}
is a dense subset in C(X, Fω). Let A, B be a pair of disjoint closed subsets of X , f : X → Fω be a mapping and ε > 0. We
proceed to deﬁne a map g : X → Fω ε-near f such that
g(A) ∩ g(B) = ∅.
For this purpose ﬁx two different points e1 and e2 in J ⊂ F . By the Tietze–Urysohn theorem there exists a map ψ : X →
J ⊂ F such that ψ(A) = e1 and ψ(B) = e2. Let n be a natural number such that diam F/2n < ε and g : X → Fω be a map
deﬁned by formula g = (g1, g2, . . .), where
gi(x) =
{
f i(x) for i 
= n,
ψ(x) for i = n.
It is easily seen that g(A) ∩ g(B) = ∅ and f , g are ε-near. 
Lemma 3.4. Suppose that K is a Peano curve. Then for every ε > 0 there exist an ANR P ⊂ K and a map r : K → P such that r and
idK are ε-near. Moreover, if K is without free arcs, then P is a boundary set in K .
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then ε.
Assume now, that K is a Peano curve without free arcs. Since the graph P consists on ﬁnite number of arcs it follows
that it is the union of nowhere dense sets. Therefore P is a boundary set in K . 
4. Embeddings into the product of continua without free arcs
Theorem 4.1. Suppose that X is a metric separable space and Ki are, for i = 1,2, . . . ,n + 1, Peano curves without free arcs. If
dim(X) n, then the set of embeddings of X into K1 × K2 × · · · × Kn+1 is residual in the space C(X, K1 × K2 × · · · × Kn+1).
The crucial idea in the proof of Theorem 4.1 is the concept of disjoint disc property and it is contained in following
lemma:
Lemma 4.2. Suppose that X is a compact metric space and f : X → K1 × K2 × · · · × Kn+1 is a map of X into the product of Peano
curves without free arcs Ki (i = 1,2, . . . ,n + 1). Then for each ε > 0 and for each pair of disjoint σ -compact sets A, B ⊂ X such that
dim A  n there exists a map fε : X → K1 × K2 × · · · × Kn+1 such that dist( f , fε) < ε and fε(A) ∩ fε(B) = ∅.
Proof. The proof is by induction on n.
First let n = 0. We assume ﬁrst that A and B are compact. We ﬁx ε > 0 and take a set P ∈ ANR and a map r : K1 → P
such that idK1 and r are ε/3-near (we use here Lemma 3.4). We also cover A by ﬁnitely many disjoint δ-small compact sets,
where δ < dist(A, B), and denote by X ′ the space obtained from X by squeezing each of them to a point. Let us observe
that by [4, Theorem 4.4.15] X ′ is a metrizable space. By Proposition 3.1, for δ small enough the map r ◦ f is ε/3-close to
the composition of the projection p1 : X → X ′ and of a map f ′ : X ′ → P ⊂ K1.
Thus, by replacing X by X ′ , f by f ′ , and A and B by p1(A) and p1(B), respectively, we may assume that the set A is
ﬁnite. Treating each of its points individually and using Baire’s theorem we may assume that A has only one point, which
we denote a. We assume these arrangements have been made; in particular, Im( f ) ⊂ P .
Let B(a, η) be a ball in X centred at a, W = X/Bd B(a, η) be the decomposition space, obtained by squeezing Bd B(a, η)
to a point, and let p : X → W be the projection. By taking η small enough we ensure that diam f (B(a, η)) < ε/3 and there
exists a map q : W → P such that q ◦ p is ε/3-near to r ◦ f . (We use again Proposition 3.1.)
Let us ﬁx b ∈ Bd(B(a, η)). K1 is a locally connected space and does not contain free arcs. Therefore there exists an
ε/3-short arc J in K1 joining q(p(b)) with
c ∈ K1 \ P .
Let h′ : (W \ p(B(a, η))) ∪ p(a) :→ K1 be a map such that h′(x) = q(x) for x ∈ W \ p(B(a, η)) and h′(p(a)) = c. The arc J is
an AR so we can extend the map h′ to the map h : W → K1 such that h(p(B(a, η))) ⊂ J .
Let us deﬁne fε = h ◦ p. If x ∈ X \ B(a, η) then fε(x) = q ◦ p(x) and hence d( fε(x), f (x)) < ε/3, while for x ∈ B(a, η) we
have fε(x) ∈ J and f (b), f (x) ∈ f (B(a, η)), whence
d
(
fε(x), f (x)
)
 d
(
fε(x), fε(b)
)+ d( fε(b), f (b))+ d( f (b), f (x))< 3 · ε/3
because diam J ,diam f (B(a, η)) < ε/3. Thus f and fε are ε-near and the assertion of the lemma is true if n = 0 and A is
a compact set. By Baire’s theorem lemma holds if A and B are σ -compact and dim A  0.
Assume now that the lemma holds true if dim A  n − 1. Now, given f = (g,h) : X → (K1 × K2 × · · · × Kn) × Kn+1 and
a σ -compact set A ⊂ X with dim A  n, we can represent A as A = Y ∪ Z , where dim Y  n − 1, dim Z  0 and Z is
σ -compact. (See [3, §1.5].) Since the assertion of the lemma is true if n = 0 we can assume that h(Z) ∩ h(B) = ∅. The set
Y ′ = (h|A)−1(h(B)) ⊂ A is disjoint from Z , σ -compact and (n − 1)-dimensional. Thus by induction assumption there exists
a map gε : X → K1 × K2 × · · · × Kn ε-near to g such that gε(Y ′) ∩ gε(B) = ∅. We take fε(x) = (gε(x),h(x)) to complete the
proof. 
Proof of Theorem 4.1. It is enough to prove that for every pair of disjoint closed sets A, B ⊂ X a set{
h ∈ C(X, K1 × · · · × Kn+1): h(A) ∩ h(B) = ∅
}
is dense in C(X, K1 × · · · × Kn+1) (see [8, Chapter IV, §44, VI, Theorem 2]). Fix a pair of closed disjoint subsets A, B ⊂ X ,
a map f : X → K1 × · · · × Kn+1 and ε > 0. We claim that there exists a map g : X → K1 × · · · × Kn+1 ε-near f such that
g(A) ∩ g(B) = ∅.
Let X∗ be a dimension preserving compactiﬁcation of space X such that A∗ ∩ B∗ = ∅ (where A∗ and B∗ are the closures
of A and B, respectively, in X∗) and there exists an extension f ∗ of f on X∗ (see Proposition 3.2). By Lemma 4.2 there
exists a map g∗ : X∗ → K1 × · · · × Kn+1 ε-near f ∗ such that
g∗
(
A∗
)∩ g∗(B∗)= ∅.
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g∗
(
A∗
)∩ g∗(B∗)= ∅.
Let us deﬁne a map g = g∗|X . Since
g(A) ∩ g(B) = g(A∗ ∩ X)∩ g(B∗ ∩ X)= g∗(A∗ ∩ X)∩ g∗(B∗ ∩ X)⊂ g∗(A∗)∩ g∗(B∗)= ∅,
we have g(A) ∩ g(B) = ∅. A map g is obviously ε-near f . 
5. Mappings omitting 0-dimensional compact sets
Theorem 5.1. Suppose that X is a metric separable space satisfying dim(X) n, {Ki}1in+1 are Peano curves and {Bi}1in+1 are
0-dimensional compact sets such that Bi ⊂ Ki for i = 1,2, . . . ,n + 1. Then the set of maps f : X → K1 × K2 × · · · × Kn+1 such that
dn+1( f (X), B1 × B2 × · · · × Bn+1) > 0 is a dense set in C(X, K1 × · · · × Kn+1).
The following lemma can be proved by induction on n analogously to Lemma 4.2:
Lemma 5.2. Suppose that X is a compact metric space, {Ki}1in+1 are Peano curves, f : X → K1 × K2 × · · · × Kn+1 is a map and
{Bi}1in+1 are 0-dimensional compact sets such that Bi ⊂ Ki , for i = 1,2, . . . ,n+ 1. Then for every ε > 0 and every n-dimensional
σ -compact set A ⊂ X there exists a map fε : X → K1 × K2 × · · · × Kn+1 ε-near f satisfying fε(A) ∩ (B1 × B2 × · · · × Bn+1) = ∅.
Proof of Theorem 5.1. Fix f ∈ C(X, K1 × · · · × Kn+1) and ε > 0. We claim that there exists a map fε : X → K1 × · · · × Kn+1
ε-near f such that dn+1( fε(X), B1 × B2 × · · · × Bn+1) > 0.
By [7, Theorem 1] there exists a dimension preserving compactiﬁcation X∗ of space X such that f : X → K1 × · · ·× Kn+1
can be extended to a map f ∗ : X∗ → K1 × · · · × Kn+1.
By Lemma 5.2 (for A = X = X∗) there exists a map f ∗ε : X∗ → K1 × · · · × Kn+1 ε-near f and satisfying f ∗ε (X∗) ∩ (B1 ×· · ·× Bn+1) = ∅. Since X∗ and B1 × · · ·× Bn+1 are compact sets, it follows that dn+1( f ∗ε (X∗), B1 × · · ·× Bn+1) > 0. Therefore
fε = f ∗ε |X : X → K1 × · · · × Kn+1 is as required. 
6. Universal space in the product of continua without free arcs
Theorem 6.1. Suppose that K1, K2, . . . , Kn+1 are Peano curves without free arcs. Then there exists an n-dimensional subset Tn ⊂
K1 × · · · × Kn+1 such that for any metric separable space X satisfying dim(X) n the set of embeddings X into Tn is a residual set
in C(X, K1 × · · · × Kn+1).
Remark 6.2. Theorem 6.1 still holds if we take product K1 × · · · × Ks for any s n + 1.
Proof of Theorem 6.1. By Theorem 4.1 the set of embeddings of an n-dimensional metric separable space X in K1 ×
· · · × Kn+1 is a residual set. To complete the proof it is suﬃcient to construct a set Tn and prove that the set of map-
pings of X into Tn is residual in C(X, K1 × · · · × Kn+1).
By the decomposition theorem for every i ∈ {1,2, . . . ,n + 1} there exists 0-dimensional σ -compact subset Bi ⊂ Ki such
that dim(Ki \ Bi) 0. Deﬁne
Tn =
{
x = (x1, x2, . . . , xn+1) ∈ K1 × · · · × Kn+1: xi ∈ Bi for at most n values i
}
.
It remains to prove that dimTn  n and for every n-dimensional metric separable space X the set of mappings X into Tn is
residual in C(X, K1 × · · · × Kn+1).
Let Ci, j for 1 i  n + 1 and j ∈N be compact sets such that Bi =⋃∞j=1 Ci, j .
Step I: dimTn  n.
A set Tn can be represented as the union of n + 1 0-dimensional sets Nk (k = 0,1, . . . ,n), where
Nk = {x ∈ K1 × · · · × Kn+1: xi ∈ Bi for exactly k values i}.
We proceed to show that dimNk  0 for every k ∈ {0,1, . . . ,n}. The addition theorem (Theorem 1.5.10 in [3]) establishes
the inequality.
Fix k pairs of natural numbers {(i1, j1), (i2, j2), . . . , (ik, jk)} satisfying 1  il  n + 1 and il 
= il′ for l 
= l′. Since Ci, j
is a closed subset of Ki for every natural number j, it follows that
∏n+1
i=1 Pi, where Pi = Cil, jl , for i ∈ {i1, i2, . . . , ik} and
Pi = Ki for i /∈ {i1, i2, . . . , ik}, is closed subset of K1 × · · · × Kn+1. Therefore ∏n+1i=1 Pi ∩ Nk is closed subset of Nk. A set∏n+1
i=1 Pi ∩ Nk can be represented as the product of 0-dimensional spaces Ci1, j1 × · · · × Cik, jk ×
∏
i /∈{i1,i2,...,ik},1in+1 Ki \ Bi .
Therefore
∏n+1
i=1 Pi ∩Nk is 0-dimensional. A set Nk is the union of countable many sets
∏n+1
i=1 Pi ∩Nk, so by the sum theorem
(Theorem 1.5.3 in [3]) is also 0-dimensional.
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Let us deﬁne the countable set:
J = { J = ( j1, j2, . . . , jn+1): jk ∈N}.
For J ∈ J let
F ( J ) = C1, j1 × C2, j2 × · · · × Cn+1, jn+1 .
Since (K1 × · · · × Kn+1) \ Tn =⋃ J∈J F ( J ), it follows that{
f ∈ C(X, K1 × · · · × Kn+1): f (X) ⊂ Tn
}⊃ ⋂
J∈J
{
f ∈ C(X, K1 × · · · × Kn+1): dn+1
(
f (X), F ( J )
)
> 0
}
.
It is easy to check that for every J ∈ J a set{
f ∈ C(X, K1 × · · · × Kn+1): dn+1
(
f (X), F ( J )
)
> 0
}
is open in C(X, K1 × · · · × Kn+1). Let us prove that this set is dense for every J ∈ J .
Fix J = ( j1, j2, . . . , jn+1) ∈ J , f : X → K1 × · · · × Kn+1 and ε > 0. Since the sets C1, j1 , . . . ,Cn+1, jn+1 are compact and
0-dimensional, it follows (from Theorem 5.1) that there exists a map fε : X → K1 × K2 × · · · × Kn+1 ε-near to f such that
dn+1( fε(X),C1, j1 × · · · × Cn+1, jn+1 ) > 0. Therefore fε : X → K1 × · · · × Kn+1 is as required.
By Baire’s theorem, the set { f ∈ C(X, K1 ×· · ·× Kn+1): f (X) ⊂ Tn} contains a dense Gδ-subset, so it is a residual set. 
7. Embeddings into the product of interval and continua without free arcs
Theorem 7.1. Suppose that X is a metric separable space, dim(X) n and {Ki}1in are Peano curves without free arcs. Then the set
of embeddings of X into K1 × K2 × · · · × Kn × I is dense set in C(X, K1 × K2 × · · · × Kn × I).
For a map f : X → Y let us deﬁne sets
S f =
{
x ∈ X: f −1 f (x) = {x}},
P f = X \ S f =
{
x ∈ X: ∣∣ f −1 f (x)∣∣ 2}.
Since
S f =
{
x ∈ X: f −1 f (x) = {x}}= ⋂
n∈N
{
x ∈ X: diam f −1 f (x) < 1
n
}
,
it follows that the set S f is Gδ-set.
The following lemma may be proved in much the same way as Lemma 4.2:
Lemma 7.2. Suppose that K is a Peano curve without free arcs. Then for any metric compact space X and for any σ -compact 0-
dimensional set A ⊂ X the set
F A :=
{
f ∈ C(X, K ): f −1 f (a) = a for all a ∈ A}
is a dense Gδ-subset of C(X, K ).
Lemma 7.3. Under the hypotheses of Theorem 7.1, if moreover X is a compact space, for m = 1, . . . ,n the set{
f = ( f1, f2, . . . , fn) ∈ C(X, K1 × K2 × · · · × Kn): dim
m⋂
i=1
P f i  n −m
}
is dense in C(X, K1 × K2 × · · · × Kn).
Proof. The proof is by induction on m.
Assume that m = 1. Let f = ( f1, f2, . . . , fn) : X → K1 × K2 × · · · × Kn be any map and ε > 0. We begin by constructing a
map h1 : X → K1 satisfying the following conditions:
(1) h1 and f1 are ε-near,
(2) dimPh  n − 1.1
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satisfying dim(X \ A) n− 1. From Lemma 7.2 it follows that there exists a map h1 : X → K1 ε-near f1 such that for every
a ∈ A holds h−11 h1(a) = a. Therefore A ⊂ Sh1 . Let us observe that
dimPh1 = dim(X \ Sh1) dim(X \ A) n − 1.
This completes the proof in case m = 1.
Assume now that m > 1. Fix f = ( f1, f2, . . . , fn) → K1 × K2 × · · · × Kn and ε > 0. We claim that there exists a map
h = (h1,h2, . . . ,hm) : X → K1 × K2 × · · · × Km such that dim⋂mi=1 Phi  n−m and (h1, . . . ,hm, fm+1, . . . , fn) is ε-near f . By
the inductive assumption, there exist maps h1, . . . ,hm−1 : X → K1 × K2 × · · · × Km−1 satisfying
(1) (h1,h2, . . . ,hm−1, fm, . . . , fn) is ε-near f ,
(2) dim
⋂m−1
i=1 Phi  n − (m − 1) = n −m + 1.
By the decomposition theorem there exists σ -compact subset B ⊂⋂m−1i=1 Phi such that dim B  0 and dim⋂m−1i=1 Phi \ B 
n − m. Let hm : X → Km be a map ε-near fm such that for every x ∈ B holds h−1m hm(x) = x (we use here Lemma 7.2).
Therefore B ⊂ Shm . Let us deﬁne h : X → K1 × K2 × · · · × Kn by formula h = (h1,h2, . . . ,hm, fm+1, . . . , fn).
Since
m⋂
i=1
Phi =
m−1⋂
i=1
Phi ∩ Phm =
m−1⋂
i=1
Phi ∩ (X \ Shm ) ⊂
m−1⋂
i=1
Phi ∩ (X \ B) =
m−1⋂
i=1
Phi \ B
it follows dim
⋂m
i=1 Phi  n −m. By deﬁnition of the map h it is easy to check that f and h are ε-near. 
The following lemma is easy to prove using Baire’s theorem, the fact that I ∈ AR and that every compact 0-dimensional
space can be embedded into I .
Lemma 7.4. For every compact metric space X and its σ -compact 0-dimensional subset A ⊂ X the set{
f ∈ C(X, I): f is 1–1 on A}
is dense in C(X, I).
Proof of Theorem 7.1. By [7, Theorem 1] for every f : X → K1 × · · · × Kn × I there exists a compactiﬁcation X∗ of space X
such that f can be extended to f ∗ : X∗ → K1 × · · · × Kn × I. Therefore we may assume that X is a compact space.
Fix f = ( f1, f2, . . . , fn, fn+1) : X → K1 × · · · × Kn × I and ε > 0. We look for the embedding h : X → K1 × · · · × Kn × I
such that f and h are ε-near. By Lemma 7.3 for m = n it follows that there exists a map (h1,h2, . . . ,hn) : X → K1 × · · ·× Kn
ε-near ( f1, f2, . . . , fn) such that dim
⋂n
i=1 Phi  n − n = 0. By Lemma 7.4 there exists a map hn+1 : X → I ε-near fn+1 and
1–1 on
⋂n
i=1 Phi .
Observe that for h = (h1,h2, . . . ,hn,hn+1):
d
(
f (x),h(x)
)= max{ε,d( fn+1(x),hn+1(x))} ε.
It is enough to prove that the map h : X → K1 × · · · × Kn × I is an embedding. Since X is compact it is suﬃcient to show
that h is 1–1 on X . Let x, y ∈ X and x 
= y. If x ∈ X \⋂ni=1 Phi , then x belongs to some Shi . Therefore hi(x) 
= hi(y) and
h(x) 
= h(y). Since the case y ∈ X \⋂ni=1 Phi is symmetric, it is suﬃcient to examine the case x, y ∈ ⋂ni=1 Phi . But then
h(x) 
= h(y) (since a map hn+1 : X → I is 1–1 on ⋂ni=1 Phi ). 
8. Embeddings into the product of continua without free arcs admitting extensions of maps
Theorem 8.1. Suppose that { f i}i∈N : X → X is a family of maps, X is metric separable space and K is a Peano curve without free arcs.
Then the set of embeddings h : X → Kω such that there exist extensions f ∗i : h(X) → h(X) for i = 1,2, . . . of maps hfih−1 is residual
set in C(X, Kω).
X
fi
h
X
h
h(X)
f ∗i
∩
h(X)
∩
Kω Kω
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Lemma 8.2. Let K be a space containing a subset homeomorphic to interval, A and B disjoint closed subsets of Kω and f a map of
metric separable space X into itself. Then a set
H f (A, B) =
{
h ∈ C(X, Kω): there exist neighbourhoods U and V of the sets A and B, respectively,
such that hf −1h−1(U ) ∩ hf −1h−1(V ) = ∅}
is a dense open subset of C(X, Kω).
Proof. The proof falls into two parts. In the ﬁrst part we prove that H f (A, B) is open in C(X, Kω) and in the second part
that it is dense in C(X, Kω).
Part I. Let h ∈ H f (A, B). By deﬁnition of the set H f (A, B) follows that there exist open sets U and V and natural
number n satisfying: B(A,1/2n) ⊂ U , B(B,1/2n) ⊂ V and dω(hf −1h−1(U ),hf −1h−1(V )) > 1/2n.
We will show that every 1/2n+2-near to h map k : X → Kω belongs to H f (A, B). Observe that
(∗) k−1(B(A,1/2n+1))⊂ h−1(U ) and k−1(B(B,1/2n+1))⊂ h−1(V )
(if x ∈ k−1(B(A,1/2n+1)) \ h−1(U ) then k(x) ∈ B(A,1/2n+1) and h(x) /∈ U , so dω(k(x),h(x)) > 1/2n+1, which contradicts the
fact that k and h are 1/2n+2-near).
By (∗) we have
f −1k−1
(
B
(
A,1/2n+1
))⊂ f −1h−1(U ) and f −1k−1(B(B,1/2n+1))⊂ f −1h−1(V ).
We claim now that
dω
(
kf −1k−1
(
B
(
A,1/2n+1
))
,kf −1k−1
(
B
(
B,1/2n+1
)))
 1/2n+1.
Let k(x) = y and k(x′) = y′ , where
x ∈ f −1k−1(B(A,1/2n+1)) and x′ ∈ f −1k−1(B(B,1/2n+1)).
Since
dω
(
h(x),h
(
x′
))
 dω
(
h(x),k(x)
)+ dω(k(x),k(x′))+ dω(k(x′),h(x′))
and
dω
(
h(x),h
(
x′
))
> 1/2n, dω
(
k(x),h(x)
)
< 1/2n+2 and dω
(
k
(
x′
)
,h
(
x′
))
< 1/2n+2,
it follows that
dω
(
k(x),k
(
x′
))
 1/2n − 1/2n+2 − 1/2n+2 = 1/2n+1.
Now it is easily seen that
kf −1k−1
(
B
(
A,1/2n+1
))∩ kf −1k−1(B(B,1/2n+1))= ∅.
Therefore k ∈ H f (A, B).
Part II. We will prove that H f (A, B) is dense in C(X, Kω). Fix h : X → Kω and ε > 0. We claim that there exists a map
k ∈ H f (A, B) ε-near h. Let U ,U ′, V , V ′ be open subsets of Kω satisfying the following conditions:
A ⊂ U ′ ⊂ U , B ⊂ V ′ ⊂ V , U ∩ V = ∅
and
dω
(
U ′, Kω \ U)> δ, dω(V ′, Kω \ V )> δ
for some 0< δ < ε.
Let J be an arc in K joining chosen two different points e1, e2 ∈ K . Take u : X → J = [e1, e2] ⊂ K such that
u( f −1h−1(U )) = e1 and u( f −1h−1(V )) = e2. Existing of such a map follows from the fact that f −1h−1(U ) and f −1h−1(V )
are disjoint closed subset of X and the arc J is an AR. Let n be a natural number satisfying diam K/2n < δ. Let us deﬁne a
map k : X → Kω by formula k := (k1,k2, . . .), where
ki(x) =
{
hi(x) for i 
= n,
u(x) for i = n.
D. Michalik / Topology and its Applications 157 (2010) 1228–1236 1235Since δ < ε, maps h and k are ε-near. It is suﬃcient now to prove that k ∈ H f (A, B). Observe that for x ∈ f −1k−1(U ′) and
y ∈ f −1k−1(V ′) it holds kn(x) = e1 and kn(y) = e2. Since dω(k(x),k(y)) d(e1, e2)/2n , we have
dω
(
kf −1k−1
(
U ′
)
,kf −1k−1
(
V ′
))
 d(e1, e2)/2n.
Now, it is easily seen that k ∈ H f (A, B). 
Proceeding now to the proof of Theorem 8.1:
Proof of Theorem 8.1. Let {(An, Bn)}∞n=1 be a countable family of pairs of disjoint closed subsets in Kω such that for each
pair (A, B) of disjoint closed subsets of Kω there exists n ∈ N such that A ⊂ An and B ⊂ Bn. By Lemma 8.2 and Baire’s
theorem the set
H =
∞⋂
i=1
∞⋂
n=1
H f i (An, Bn)
is a dense Gδ-subset of C(X, Kω). By Proposition 3.3 the set H′ of embeddings of space X into Kω is residual in C(X, Kω).
By Baire’s theorem it follows that H ∩ H′ is also residual.
It remains now to prove that for h ∈ H∩H′ and every i = 1,2, . . . a map hfih−1 may be extended over h(X). Let A and B
be any disjoint closed subsets in h(X) ⊂ Kω. Then there exists n ∈ N such that A ⊂ An and B ⊂ Bn. Since h ∈ H f i (An, Bn),
it follows that(
hfih−1
)−1
(A) ∩ (hfih−1)−1(B) = hf −1i h−1(A) ∩ hf −1i h−1(B) ⊂ hf −1i h−1(An) ∩ hf −1i h−1(Bn) = ∅.
Using Taimanov theorem (see [4, Theorem 3.2.1]) we complete the proof. 
Next theorem is a generalisation of results of R. Engelking [5] and A.B. Forge [7].
Theorem8.3. Suppose that {gi}i∈N is a family of maps of metric separable space X into compact spaces Yi and K is a Peano curve with-
out free arcs. Then the set of embeddings h : X → Kω such that there exist extensions g∗i : h(X) → Yi for i = 1,2, . . . of maps gih−1
is residual set in C(X, Kω).
The proof of Theorem 8.3 is similar in spirit to the proof of Theorem 8.1 and is based on the following lemma:
Lemma 8.4. Let K be a space containing a subset homeomorphic to interval, A and B disjoint closed subsets of a compact space Y and
g a map of metric separable space X into Y . Then the set
Gg(A, B) =
{
h ∈ C(X, Kω): there exist neighbourhoods U and V of the sets A and B, respectively,
such that hg−1(U ) ∩ hg−1(V ) = ∅}
is a dense open subset of C(X, Kω).
The proof of Lemma 8.4 is almost the same as the proof of Lemma 8.2 and is left to the reader. Proceeding now to the
proof of Theorem 8.3:
Proof of Theorem 8.3. For every natural number i let {(Ain, Bin)}∞n=1 be a countable family of pairs of disjoint closed subsets
in Yi such that for each pair (A, B) of disjoint closed subsets of Yi there exists n ∈ N such that A ⊂ Ain and B ⊂ Bin. Using
Lemma 8.4 and Baire’s theorem we prove that the set
G =
∞⋂
i=1
∞⋂
n=1
Ggi
(
Ain, B
i
n
)
is a dense Gδ-subset of C(X, Kω). By Baire’s theorem it follows that G ∩ H′ is also residual (where H′ is the set of embed-
dings X into Kω).
Using Taimanov theorem (see [4, Theorem 3.2.1]), we prove that for h ∈ G ∩ H′ and every i = 1,2, . . . a map gih−1 may
be extended over h(X). 
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